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1. Introduction

In 3-D incompressible ideal fluids, a vortex ring is an axisymmetric flow whose vorticity is entirely
concentrated in a solid torus, which moves with constant speed along the symmetry axis. See [1,4-6] for
the existence of vortex ring solutions to the 3-D Euler equations.

However, for viscous fluids, the vortex ring solutions cannot exist, since all localized structures will be
spread out by diffusion. Thus it is natural to consider the Navier—Stokes equations with a vortex filament,
and more generally with positive linear combinations of circular vortex filaments which have a common
axis of symmetry as initial data.

To state this precisely, let us start with the Navier-Stokes equations in R?

ou+u-Vu—Au+Vp=0, divu=0, (t,y) € RT x R?, (1.1)

where u(t,y) = (u',u? u?) stands for the velocity field and p the scalar pressure function of the fluid,
which guarantees that the velocity field remains divergence free.

In the following, we restrict ourselves to the axisymmetric solutions without swirl of (1.1), for which
the velocity field u and its vorticity w df curlu take the particular form
u(t,y) = u"(t,r, 2)e, +u*(t,r, 2)e., w(t,y) =wl(t,r 2)eq,

where (1,0, z) denotes the cylindrical coordinates in R? so that y = (rcos@,rsin6, z), and

e, = (cosf,sinf,0), eg = (—sinb,cos6,0), e, = (0,0,1), r =y/x} + 3.

As in [9], we equip the half-plane Q = {(r, z)|r > 0, z € R} with the measure drdz. More precisely, for

any measurable function f: Q — R, we denote
1

([ 15t aparaz)” <o 1<p <o,
Q

and || f|| () to be the essential supremum of |f| on €2. For notational simplicity, we shall always denote
a generic point in Q by x = (r, 2).

def
1 fllLr0) =

® Birkhauser
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Recalling the axisymmetric Biot-Savart law discussed in Section 2 of [9], we know that for any given
w? € LY(Q) N L*(£2) which vanishes on r = 0, the linear elliptic system

1

8TUT + —u" + 8zuz =0, 8zur - 87"“/2 = wO, on Q’
T

UT|7»:O = 07 6TUZ‘T:0 = 07

has a unique solution (u”,u?) € C(2)? which vanishes at infinity. We denote this solution by u = BS[w’].
Hence we only need to study the equation for w’:

r, 0

U w

0w’ + (u" 0 + uzaz)wg -

1 1\ ,
= (af + 02 + ~0, - r2> w?. (1.2)

Now let us discuss the initial condition. We first recall from [9] that, the axisymmetric vorticity Eq.
(1.2) is globally well-posed whenever the initial vorticity is in L'(2). As a natural extension, they then
considered the case of an initial vorticity in M (2), which denotes the set of all real-valued finite regular
measures on (), equipped with the total variation norm

def
il Ssup { [ o6 € Co@). [0l <1}

where Cy(€2) denotes the set of all real-valued continuous functions on  that vanishes at infinity and on
the boundary ). It is also proved in [9] that (1.2) is globally well-posed if the initial vorticity p is in
M(£2) with a small enough atomic part.

As mentioned in the second paragraph, we focus here on the particular case

i=1

where n is some positive integer, «; is some positive constant, and ¢,, is the Dirac mass at point z; =
(ri,2;) € Q with r; > 0. Such a p is purely atomic, and we can deduce from [9] that (1.2) is globally
well-posed provided that

n
lille =D e
i=1

is small enough. On the other hand, for arbitrary positive values of «;, [3] gives the existence of a global
mild solution, and [10] proves the uniqueness when n = 1. In this paper, we are going to prove the
uniqueness for general n. Our result states as follows:

Theorem 1.1. If the initial vorticity pn of (1.2) is given by (1.3), then (1.2) has a unique global mild
solution (see Definition 2.1 below) w? in C(]0,00[, L'(Q) N L>(12)), satisfying

sup ||W0(t)||L1(Q) <oo, and W(t)drdz—p as t— 0. (1.4)
t>0

Moreover, there erxists some constant Cy depending only on (ay,x;)"_,, such that whenever v/t < %

min1§i<j§n{|mi — xj|,7"i}, there holds the following short time estimate:

1 — | 12
0 — Lo
t,. — . 4t ‘
Hw (t,-) gy ;aze

Let us end up this section with some notations. We use C' (resp. Cp) to denote some absolute positive
constant (resp. some positive constant depending on (o, ;) ,), which may be different in each occur-
rence. f < g means that f < Cg for some constant C. For a Banach space B, we shall use the shorthand
|ull L2,y for the norm (|t

< t|Int|. 1.
iy < CoVilmt (15)

Ml o 1
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2. Decomposition of the Solution

Following the ideas in [10], where uniqueness has been proved under the assumption that thei nitial
vorticity in a single Dirac mass, a natural idea is to decompose the solution into n parts, according to
the decomposition of the initial vorticity (1.3). This idea is however nontrivial to implement, due to the
nonlinearity of the Eq. (1.2). The strategy is to view the equation on w’ as a linear advection-diffusion
one, with u being given and to study the properties of its fundamental solution. This will be done in the
first subsection.

The purpose of the second subsection will be to show that, at least for short times, wf is very close—in
the L'(Q) sense—to the Oseen vortex located at x; with circulation «;. This goal will be achieved using
self-similar variables around the point x;.

2.1. The Linear Semigroup and the Trace of the Solution at Initial Time

Let us consider the linearized system of (1.2), namely
1

1
3tw9 - (87% + 8? + ;67“ - 7172)(‘00 = 07 (t,T, Z) € R+ XQ’

(2.1)
we\,:o =0, we\tzo = wg.
Denote by (S (t)) ;>0 the evolution semigroup determined by this linearized system, which has the following

explicit formula

(S()wl) (r, 2) = — /Q "y <t> exp (- (r=m)* + (2 Z)2> (7, 2) drdz, (2.2)

Ant 7% T 4t

where H : (0,00) — R is a smooth function satisfying the following property: 7*H(7) and 70 H'(7) are
bounded on (0,00) if 0 < o < % and 0 < 8 < % One may check Section 3 of [9] for a detailed study of
this semigroup.

By using (S(t)) we can define the mild solutions of (1.2) in the following way:

>0
Definition 2.1. Let 7' > 0, we say that w’ € C(]0,T[, L'(Q)NL>(2)) is a mild solution of (1.2) on 0,77,
if for any 0 < ty < t < T, there holds the following integral equation
t
WOt) = S(t —to)w(to) — / St — s)div, (u(s)we(s)) ds. (2.3)
to

Here u = BS[w’] and div, (uw’) def Or(u"w?) + 0. (uw?).
Before proceeding further, let us recall some a priori estimates for the mild solution.

Lemma 2.1. Let w? be a mild solution of (1.2) on (0,T) satisfying (1.4), u = BS[w’]. It is shown in
Estimates (2.13), (2.14) of [10] that, for any t €]0,T][, and any k,¢ € N, there holds

IS OFVu(t) ]| e (o) + 2 [V (1) (0) < Co- (24)
Combining the conclusions of Corollary 2.9, 2.10 and Remark 2.11 in [10], we prove the following.

Proposition 2.1. For any T > 0, if w’ € C((0,T),L () N L>(Q)) is a mild solution of (1.2) on (0,T)
satisfying (1.4), then for any t € (0,T) and (r,z) € Q, we have

WOtr2) 20, W (B)llre) < Nl and - lim [lw (@)]]r @) = [l (2.5)

Moreover, for any bounded and continuous function ¢ on ), there holds the convergence

/¢(r,z)w0(t,r,z)drdz—>/qﬁd,u, as t—0. (2.6)
Q Q
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Noting that although the initial measure u is no longer a single Dirac mass as considered in [10], it
is still supported in [minlgign i, MAX]1<i<n ri] x R. Thus the estimates of Proposition 3.1, 3.3 and then
Lemma 3.8 in [10] still hold for the case here. Precisely, we have

T
| 1 @l oyt < o (2.1
0

Next, let us state a particular case of Aronson’s pioneering work [2] on the fundamental solution of
parabolic equations, which will be a key ingredient in our decomposition.

Proposition 2.2 (Proposition 3.9 of [10]). Assume that U, V : (0,T) x R* — R® are continuous functions
such that divU(t,-) =0, for allt € (0,T) and

T
sup t%”U(t,)”Loo(Rii) = Kl < 00, / ||V(t,)||Loo(R3) dt:KQ < oQ.
0<t<T 0

Then the regular solutions of the following type advection-diffusion equation
OWf+U-Vf—Vf=Af, zeR> te(0,T), (2.8)

can be represented in the following way:
ft)= [ tuv(tas)fa)dy, o 0<s<t<T,
RS

where Oy is the (uniquely defined) fundamental solution, which satisfies for all x,y € R® and 0 < s <
t<T

|z —y|? |z —y
0< ®yy(t,z:sy) < — (— K K). 2.9
< U,V( xsy)_ (t—s)% exp 4(t—8)+ 1\/1?4_ 2 ( )

It is easy to derive the evolution equation for w = w?(t, 7, z)ey from (1.1) that
Ow+u-Vo—rwow=Aw, zcR* te(0,7T), (2.10)
which is exactly of the form (2.8) with U = u, V = r~1u". In view of (2.4) and (2.7), the conditions of
Proposition 2.2 are satisfied. Thus this w can be represented as

w(t,z) = / O(t,z;s,y)w(s,y)dy, zeR> 0<s<t<T.
R3

We denoted above by ® the fundamental solution ®yy where U = u, V = r~1u”. From which, we can
deduce that w? satisfies

WOt r, 2) = / <f>(t,r,z; s, 2N (s,r' 2 ) dr'dy, 0<s<t<T, (2.11)
Q
where

O(t,r, z; 8,1, 2) = / (¢, (r,0,2);s, (r' cosf, 7' sinb, z")) - ' cos 6 df.
Using the Gaussian upper bound (2.9) of the fundamental solution ®, we get

Lemma 2.2 (Lemma 3.10 of [10]). For any n €]0,1] and 0 < s < t < T, there exists some positive constant
Cy,a depending only on the choice of n and (a;)}—;, such that

Ch.a
t—s
where H : (0,00) — R is decreasing, satisfies H(t) < 1/\/77 and H(t) — 1 as T — 0 and H(7) ~ 1//77

as T — OQ.

(et (o) 212
(=) e

r

0<®(t,r,zs1,2) <
,

This Gaussian upper bound immediately transfers to w’.
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Proposition 2.3. For any n €]0,1[, (r,2) € Q and 0 <t < T, we have

0<w!(t,r,z) < E%?Ze*liﬂﬁrfm>{“2*“)ﬁ. (2.13)
Proof. Using (2.12), we immediately get
1
0<wi(t,rz) < Cna|ri ‘H . e ((r=r)*+(z=2)%) (2.14)
t |r (1 —mn)rr;

When 2r < 7y, using the facts H(r) < 1/y/a7 and 2|r; — | > r; in this case gives

3~ t i (1—n H n(1—n) 2
Al— V< (22T} <, w2 i—r)?,
((1—n>m)—ﬁ< t ) = et

Substituting this into (2.14), and noting the fact that, when 7 runs over ]0,1[, (1 — n)? also runs over
10, 1], gives exactly (2.13) in this case.
And when 2r > r;, (2.13) follows by simply bounding H by 1 in (2.14). O

T

r

We would now like to take the limit s — 0 in Eq. (2.11), in order to decompose the full solution w?

into the contributions w?, ... ,wz coming from the n vortex filaments. Keeping in mind the convergence

Wl (s,-) = p as s — 0, we need at least the uniform continuity of ® in its last variable (, 2') up to the
time boundary s = 0. This uniform continuity will stem from a uniform Hélder estimate on the original
fundamental solution ®, which we now state and prove.

Lemma 2.3. The fundamental solution ® is Holder continuous in its last variable. More precisely, for
every € > 0 there exists a strictly positive o such that for any fized x in R and any fized t,s in R
with t — s > ¢, the function y — ®(t,x;s,y) belongs to C*(R3). Moreover, the implied continuity constant
depends solely on & and [|U|| oo ooy

Remark 2.1. The space (L>°)~! is defined as the space of all functions U which can be written as

derivatives of L™ functions, i.e. for which there exist Uy, Us; and Us such that
U=0U"+ U + 93U°.

A choice of norm on this space is given (for instance) by

U co)—1 — i f U &S] U oo U o ),
Ul (posy-1 (Uhlg%US)(H 1l + [|U2]| Lo + | Us|e)

the infimum being taken on all choices of (Uy, Us, Us) satisfying
U=U"+ 0.U? + 95U°.

The space L{°(L>); ! is then defined in an obvious way.

The idea of the proof is rather simple : we know that the corresponding result holds whenver the vector
field V' is identically zero. Hence, using a Gronwall argument, we can transfer the regularity statement
to the general case. We begin by recalling some of the main results of H. Osada.

Theorem 2.1 (Theorems 1 and 2 in [12]). Let U : R?® — R3 be a divergence free vector field. If U belongs
to L3°(L>) L, then the equation

Of+U-Vf—-—Af=0
possesses a reqular fundamental solution, ®y. This fundamental solutions satisfies the following properties.
(1) For any s <t and z,y in R3, there holds

/ Do (t,y; s, x)dx :/ Do (t,y;s,x)dy = 1.
R3 R3
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(2) There exists constants Cy, Cy, C3, Cy such that for any s <t and x,y in R3,

3 — |2
) < @o(t,m;5,y) < Ca(t — )72 exp <_ C4|my|> .

t—s

, Rt
Cy(t — s)_% exp (— Cg‘xtim

(3) There exists a strictly positive o such that for any e > 0, there exists C > 0 depending only on € and
||U||L,°°(Loo);1 such that for every z,z',y,y inR* and every t,t',s, s in R% satisfyingt—s,t'—s' > ¢,
there holds

Do (t,255,y) — Bo(t',2s 8", y)| S Cllz — 2/ |* + |y —y/|* + [t — |2 +]s — 5'|2).

Of course, the results of H. Osada are stronger than the one we seek, though we will not need their
full strength to achieve our goal.
We now state a Gronwall formula relating ® and .

Lemma 2.4. For 0 < s <t and z,y in R3, The function ® satisfies the equality
t
O(t,z;8,y) = Po(t, x;5,y) +/ / Do (t,z;8,2) V(s 2)P(s, 2;8,y)] dzds’. (2.15)
s JR3

Proof. Let us denote by W(t,x;s,y) the right-hand side of the equality. As functions of (¢, z) with (s,y)
kept fixed, both W ans ® solve the affine equation

Of+U-Vf—-Af=Vo.
Furthermore, they both satisfy
O(t,55,y), U(t,58,y) — 0y ast — s.
Since the vector fields U and V are smooth in space and time as long as 0 < s < t, equality ensues. [J

We will conclude by appealing to the characterization of the Holder space C%(R?) as the Besov space
Bg, ., and the (dyadic, inhomogeneous) Littlewood-Paley decomposition.

Proof of Lemma 2.5. For j in N, let A; be Littlewood-Paley projection around frequency 27. Applying
Aj; to each side of Eq. (2.15) in the last space variables gives

t
A0t x;8,y) = Nj®o(t, 238, y) —|—/ / Do(t,z;8",2) [V(s', 2)(A;D(s, 238, y))] dzds'. (2.16)
s JR3
Taking absolute values and the supremum in y on each side, we get
[A;@(t x5, e < 1A;Po(t, 258, )| g

t
[ ottt [V e 18,06 25 ) deds'. (217
s JR3

Taking the supremum in z for the ®y term outside the integral and the supremum in z for the ® term
inside the integral gives

1At 58, )|l Lee < [|A;Po(t,758,) |z,

t
+/ / Do(t335',2) [IIV ()l 1858(5", 555, |1, | dzds’. (218)
s JR3 Y
Since ®( has unit mass in the z variable, the above estimate simplifies itself into
t
[A; @, x5, e < [[A;P0(t,55,-)llLge, +/ V(L 1A;2(s", 55, ) | e, ds”. (2.19)

The right-hand side does not depend anymore on z; hence, we may take the supremum in x in the
left-hand side, leading to

t
18R 58, )|z, < AP0ty 5,) |z, +/ V(e 185205, 5 85l ez, ds” (2.20)
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An immediate application of the Gronwall inequality yields
1800t 55z, < 18P0 (t, 55, lase, exp (VL o) (221)

and since [[V||L1pec < 00, the result follows. O

As an immediate consequence, the averaged fundamental solution ® is now unambiguously defined
and Holder continuous (with a possibly smaller exponent) at s = 0.
Let us write (2.11) in the following way

Ot z) = / B(t,r, 20,7, 2\ (5,7, 2") dr'dz’
Q
+ / (&)(t, rozs, 1! 2) — Ot r, 20,7, z’))we(s,r’, 2')dr'dz.
Q
Combining the Holder continuity of ® in (r/,2') with the Gaussian upper bound on w? and ®, we
know the second integral in the right-hand side converges to 0 as s tends to 0. On the other hand, since
(r',2") — ®(t,r,2;0,r,2") is a continuous and bounded function for each (¢,r,z), we may use Eq. (2.6).
Taking the limit s — 0 yields
Wt 2) = / &)(t,r,z;O,r',z’) du(r', ).
Q
Recalling p = Y | @;d,, the full vorticity w? decomposes as follows.
Ot,r, 2) Zw (t,r,z), where w!(t,r,2) = ;®(t,r 20,71 2). (2.22)
Correspondingly, the decomposition for u = BS[w’] writes

u(t,r, z) ZUZ (t,r,z), where wu; = BS[WY]. (2.23)

It is easy to see that w! € C(]0,T[, L*(2) N L>*(Q)) is a mild solution of

1

1
atwie +u- VW? - (ag + ag + ;87” - ﬁ)wze = 07 (t,T,Z) G]OaT[Xﬂa

(2.24)
w! = a;6,, as t—0.
Moreover, we have the following estimates for wf .
Proposition 2.4.
@ ! @)1 < Nl and  lim ||l (6)]| 1 (@) = as. (2.25)
(ii) There exists some positive time t; < T, such that for any 0 < t < t1, there holds
3| V! ()| L () < Co- (2.26)
Proof. (i) To prove (2.25), notice that w? > 0 and w? = Y7 w?, we have
ZHW Ollri) = WOl < ey, V¥t €)0,T], (2.27)

which in particular implies [|w?(t)||11(q) < [|]lev- By taking limit ¢ — 0 in (2.27), we obtain

th lwf (D)l ) = lim o )21 = Il =D .
=1
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On the other hand, the initial condition w,? — 04, as t — 0 implies
}%wa(t)HLI(Q) > .
Combining the above two sides, clearly there must hold
lim lw! ()| L1 ) = ai-

(i) For any 0 < ¢t < T, we first write (2.24) in the integral form as
¢

Wl (t) = S(t/2)wl (t/2) — / S(t —s)div, (u(s)wf(s)) ds.

t/2
Then we need the following lemma.

Lemma 2.5. For any 1 <p < q < oo, and f(r,z) € LP(Q), there holds

IVS(E)fllLa) <

C
1,1 1||f||LT’(Q)a

t§+p q
Proof. By using (2.2), let us first write the explicit formula of VS(¢)f as

0 0501 = 17 [ Srow (-T2 EEE) s

iy (t>> dF dz.
2t rv

Let us denote

t t 1 r—r t
(-—m () (= H
( 27 (r7“> <2r+ 2t ) (rr

).

1
t t F2 t _ )2 _5\2

Bi(r, 2,7, 2) dof — |H’ <_) ‘ + % H <_) D exp (— (r=7)"+(z—2)

r2r2 rr r2 rT 4t

1

_ _ defTZ [|T—T t z—Zz t (r—7)2+(z—2)?2
B = —+ H(— H(— _
2(7’72,7"72) ’I‘% ( Qt (7‘7'_> + 2t (7‘7‘_> )exp<

When 7 < 2r, we deduce from the bound for H and H’ that

rr

%> - exp (_(r—r)2—|— (-2

41

13 4t
and
r—r z— (r—7)2%+ (2 —2)?
By < _
2“( ot 2 D eXp( At
1 (r=7)?2+(z—-2)*
< . _

While for the case 7 > 2r, there holds 7 < 2|7 — r|, thus we can get

5
2

4 41

gfﬂ ¢ )Oexp(_(r—Fﬁ—i—(z—z)Q

7 2>_exp<_(r—r)2+(z—z)2

)

)

)

JMFM

(2.28)

(2.29)

(2.30)
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+ (z—z)2>

(
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and
1 1 1
72 (|r—Fl|rF|2  |z—Z||rF|2 (r —7)?
By < m ‘f . _
2\ T2 2t |1t ) eXp( 4t
52 _ 52
511~exp<(r )2+ (2 z)>’
tz2 ot
(r—7)?+(z—2)?°
. 2.31
” (2.31)
]

- exp <—

w\.—“ —

Combining the above estimates, we always have
Bi(r,z,7,2) + Ba(r,2,7,2) < ;

Then (2.29) comes from (2.30), (2.31), and Young’s inequality.
Using (2.28) and (2.29), together with the bounds (2.4) and (2.5), as well as the pointwise bound
t
C

? < w? we achieve
IVt @O0 < sl 02 xcor + [
2

+ [[u(s) || Lo (@) V& (5) | Lo @)) dls
Co t Co 1 1 1 9
= t?,/gllulltﬁ/; G a2t 77 o Ol=@IVel ()= | d
3
2z (% ()l oy 57 196 (5) < ) ) s

G 1 G

Co

s2||u ()52 ||V (8)]| oo d
()@ IVl 90

e

t

Nlw

Multiplying both sides by ¢3/2, we get
t s

t
3
It O 0) < ColL + ) + [
2
Hence, an applicaton of Grénwall’s inequality to the function ¢ — ¢2||Vw{ (t)|| L~ (o) yields

t
ﬁ(wuu D[P m)ds)

t2[|Vwi (t) | L) < Co(1 + [|pllew) exp (

Owing to the bound (2.4), we finally have
IV Dl < oL+ lleyen ([ C0 g
L>=(Q) =~ ~0 Klitv p % S% \/m
O

This gives exactly the desired estimate (2.26)

concentrates in a self-similar way around x; for short time. Thus it

2.2. Self-similar Variables
In view of (2.13), we know that wj
is very natural to introduce the self-similar variables
=T Z—Zj T — Iy \/i
Zi=—F7=, X,= and € = —, =1,...,n. 2.32
J NG J NG J s J ( )
n}, t € (0,T) and any (r,z) € Q, we set
T zj) (2.33)

R; = ,

R
Correspondingly, for any j € {1

0 a; r—1r; Z—2; Q;

(t,r,z)=—f; | t, , ;o ui(t,rz) = —=U;

ers) =2 (1122 ) = 20

(tr
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In the new coordinates (R;, Z;), the domain constraint r > 0 translates into r; + \/ij > 0, which means
that the rescaled vorticity f;(t, R;, Z;) is defined in the time-dependent domain

Q. ¥R, Z) €R? |14 ¢R; >0}

Noting that u; = BS[w?], thus U; can also be determined by f;. Recalling the subsection 4.2 of [10], we
have the following explicit representation

Z;— 7

1 ! !
U]’T(Xj) = %/Q \/(1 +¢€;R)(1 +ejRj)71F1(gJ2.)7‘X‘ — X,|2fj(X )dX',
€ J
1 R; — R/
U; (X;) = _E/Q \/(1 + & R)(1 + ejRj)—1F1(§?)7‘iji X fi(X")dx’ (2.34)

t /% VOGR4 ¢ Ry) = (F(E2) + Fa(€d)) £;(X7) dX,

where Fy, F5 is some kernel satisfying s7 Fy(s), s72F5(s) are bounded on ]0, 00 whenever 0 < o1 <
3/2, 0 < 09 < 3/2, and 5? is a shorthand notation for the quantity

§=61X; - XP(1+¢R) (1+gR)

We denote this map from f; to U; by U; = BS[f;]. We use the superscript €; since in the new variables,
the map depends explicitly on time through the parameter ;.
In the rest of this paper, the following notations will also be used:
R:r_ri, Z:Z_Zi7 x=2"% and ezﬁ, (2.35)
Vi NG Vit T
here although R, Z, X, € indeed depend on i, we omit the index i for notation simplification.
After this blow-up procedure, the gaussian bound on w; given by (2.13) translates into

0< fi(t,R, Z) < Cpoe 1 (BHZ%), (2.36)

and (2.25) translates into
/ F(L R Z)dRAZ — 1, as t— 0. (2.37)
Q.

We can use the estimate (2.36) to derive the pointwise estimate for Uf. First, recalling the proof of
Proposition 2.3 in [9], which shows that for any (r,z) € €, there holds

1 0,1 I W
|u(r,z)|§C’/Q \/(r—r’)2—|—(z—z’)2‘w (r', 2| dr'dz’.

Then using the self-similar variables (2.32), we obtain
1
vk 2)<cC [ fit, R, 7') AR az’
0. VIE-RP+(Z-2)
Finally substituting (2.36) with some fixed 7 into this, leads to
(1+[R + |Z])|Ui(t, R, Z)| < Co. (2.38)

Using the notation (2.33), let us also do this self-similar blow-up of the whole velocity u near the point
x; € Q and near the initial time ¢ = 0, and we get

Q; a; T — T Zi — %
u(t,r,z) = —<U;(t, R, Z2)+ Y —LU;(t, R+ —2L Z7+= J). 2.39
()= G R2) T3 % (er+ 2 = (239
In view of (2.38), let t — 0 and R, Z fixed, all U;(t, R + r"’\;{j,Z + z\;?) for j # i vanish, since

they are localized far away from the center of the blow-up procedure and decay exponentially fast, in
particular much faster than the multiplicative term % and only U;(t, R, Z) remains. Thus after this
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blow-up procedure, the convection term can be very close to U; - V f;, for a short time. Combining with
the fact that the initial measure for w; = w?ey is a;d,,, hence if we believe in uniqueness, it is reasonable

to expect that, for a short time, w; will bei very close to an Oseen vortex located at x; with circulation
;.
1 In order to write this observation precisely, let us denote the following functions on R*:
w(z, y) P/ Gy % %e—w%w\?)/{ (,y) € R,
and denote by X' the weighted space L?(R?, w(x,y)dzdy). We have:
Proposition 2.1. For anyi € {1,...,n}, we have ||f;(t,-) — G(-)|x — 0 as t goes to 0, where f, denotes
the extension of f; by zero outside ).

Proof. First, let us denote by X a subspace of X', which is defined by the stronger norm

def _
1Fllxo = (1 fw! oo g2y + IV Fll oo 2y

where 7 is a real number satisfying 0 < n < % We have:

Lemma 2.1 (Lemma 4.4 in [10]). The space Xy is compactly embedded in X, and the unit ball in Xy is
closed for the topology induced by X .

In the self-similar variables, the gradient bound for w?, namely (2.26), translates into

IVFi()]| Loy < 00, ¥Vt €]0,T].

Combining this with the gaussian bound for f;, (2.36), we know that, (f,(¢
of Xy, hence compact in X. Let h, be an accumulation point in X of (f,(

))o<t<T is a bounded subset
it
(tm)men be the corresponding sequence of positive time satisfying

Vo<t<T as t goes to 0, and

tm — 0, |[f;(tm) —hillx =0 as m — . (2.40)

Now, let us temporarily consider the whole 3-D vorticity field w and the whole 3-D velocity field w.
For any m € N, y € R®, and s €]0,t..'T[, we define the following sequence

™ (5, 9) = VEmtu(tms, Ti + VEmy)
w(m)(S,y) = tmw(tms,xi + x/t;y%

where x; = (r;,0,2) € R?. In other words, the vector fields w(™), (™) are defined by a self-similar
blow-up of the original quantities w, u near the point 2; € R® and near the initial time ¢ = 0. It is easy
to verify that w, wu satisfy the 3-D vorticity equation:

Dsw™ 4 u(m ™) — AWM = gy ™ dive™ =0, curlu™ =™

for s €]0,t;'T[, y € R®. The self-similar rescaling from u to u(™ preserves the bounds given by (2.4),
precisely for all indices k, ¢ € N, we have the following a priori estimates

1054 (5)] o as) < Cos~ (BH5) 5 o, 717,
which holds uniformly in m. Hence, up to an extraction, we can assume that

m)

W™ o W™ S m as m— oo,

with uniform convergence of both vector fields along with all their derivatives on any compact subset of
10, ¢, 1T x R3. Thus the limiting fields @, @ are smooth and satisfy

Osw+u-Vwo—Aw =w-Vu, divu=0, cuwlu=uw. (2.41)
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The goal now is to relate @ to w; and f,. The idea is that the other wj, ?j (j # 1) should be eliminated
by the blow-up procedure. Using the definitions, we get

(2.42)
- %?i(tms,Xi(i)sy "‘Z f (mSX ( )) eg(xi—i—\/t;y)?

J#i

where

Xv(m)(s y) def \/(Tz + VEimy1)? +tmys =75 2i — 25 + VEays
R ’ Vitms ’ Vitms '
If i # j, for any bounded subset B C R? and any y € B, there exists a large constant Np, such that for
any m > Np, there holds
(ri —3)* + (2 — 2)?

X(m) 2>
| (s,9)|° > 5 s

Then the gaussian bound for f; (2.36) entails

2
0 S ?_j (th,XZ(Jm) (Svy)) S Cn,a exp{_(lnélf#‘m}-
m$
Hence, the only contribution in the limit procedure m — oo comes, as expected, from the i-th circular
vortex. Regarding f;, as shown before, f,(-,,t) is bounded in Xjy. Thus for any fixed s > 0, up to another
extraction, there must exist some hy € X' such that
I f;(tms) — hsllx — 0 as m — occ. (2.43)

The boundedness of (f;(tns))m in Xy implies that, this convergence of (f;(tm5s))m to hs also holds
uniformly on any compact set of R®. Therefore, taking the limit m — oo on both sides of (2.42) and
noting that egp(z;) = ez = (0, 1,0), we obtain

B(s.5) = %h, <\yf yf) 9 (0,55, 1, 3). 0).

Taking the limit m — oo in (2.36) and (2.37), we deduce

1—m 2
@2 (5,91, 93)| S Cas™ e = W, /252(37?/1,213)dy1dy3 = . (2.44)
R
We now turn to the velocity field. Similarly as (2.42), we can write
QG e m € m
u™ (s, y) = U (tms,Xi(i Y(s,y ) +Z 2 LU (tms, X" (5.9). (2.45)
17'51

In view of (2.38), as t,, — 0, all U;(tms,Xi(?)(s,y)) for j # ¢ vanish, and only Uf(tms,Xi(lm)(s,y))
remains. Regarding U;, using (2.38) again and taking the limit m — oo, we get
(s, )| S (Vs + |yl + lys]) (2.46)
Moreover, as shown in (2.41), @ satisfies the following elliptic system
diveu =0, curlu=uw.
This div-curl system has at most one solution with the decay property (2.46), hence
E(S, y) =u (87 Y1, y3)€1 + ﬂ3(87 Y1, y3)63 = (ﬂl(sa Y1, yd)u 07 ﬂd(*& Y1, y3))7

where (Uy,7s) is the two dimensional velocity field obtained from the scalar vorticity @ws via the Biot-
Savart law in R?.
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Summarizing, we have shown that the limiting vorticity ws, together with the associated velocity
(u1,u3) solves the 2-D Navier—Stokes equations, and it follows from (2.44) that wWa(s,-) is uniformly

bounded in Ll(Rz) and converges weakly to the Dirac measure «;dg as s — 0. Then we deduce, by using
Proposition 1.3 in [11], that Wa(s,y1,y3) = LG (%, %), i.e. hy = G for any s > 0. In particular,
choosing s = 1 so that t,,8 = t,,, and comparing (2.40) with (2.43), we conclude that h, = G, which is
the desired result. 0

In view of Proposition 2.1, it is natural to make a further decomposition of w. Let
def .
1§rz‘](1<1]r'1§n{|xz zjl, ri},

and x : [0,00[— [0,1] to be a smooth non-increasing cutoff function such that x = 1 on [0,1/8] and x
vanishes outside [0,1/4]. Let fo to be a function on ]0, T[x R? defined as

def
folt,z,y) = Gla,y)x(Vi(a? +¢?)/d), (x,y) € R, t €]0,T],
and f; to be a function on ]0, T x Qi defined as
ﬁ(taRaZ):fl(t7RaZ)_f0(t7RaZ)7 (R’Z) EQH tE]O,T[ (247)

Then we can decompose w? further as follows:
we(t, r, Z) = Z (%fo(t, Rj, Zj) + TJfJ (t, Rj, ZJ)) . (248)
j=1

0

And correspondingly, u = BS[w’] can be decomposed further into

u(t,r, z) = Z (O\Z?Uo’j(t’Rj’ Zj)+ %ﬁj(t,Rj, Zj)> , where

Usj = BS“[fo], U; = BS“[fj].

j=1 (2.49)

Remark 2.2. For any j € {1,...,n}, due to the cutoff function x, it is easy to see that fo(¢,R;, Z;)
vanishes when \/ij < —d/4, and thus vanishes when \/ij < —r;/4. In particular, this implies that
fo(t, R;, Z;) satisfies the Dirichlet boundary condition on 0, and thus fi(t,R;, Z;) also satisfies the
Dirichlet boundary condition on €.

It is clear that fo(t) € X for all ¢ €]0,T[, and || fo(t) — G|lx — 0 as ¢ — 0. Thus the perturbation
f](t) (extended by zero outside €;) belongs to X for all ¢ €]0,T[, and Proposition 2.1 implies that
||fj(t)\|;{ — 0 as t — 0. We recall that the weighted L? norm of X controls the standard L' norm, by
a straightfroward application of the Holder inequality. In the next section, we shall quantify this rate of
convergence.

3. Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1. In view of the decomposition (2.48), to prove
the uniqueness claim in Theorem 1.1, we only need to show the perturbation part (]7]);1:1 is uniquely
determined. At the end of last section, we have shown that ||]§(ﬁ)HX — 0 as t — 0, but this is not
enough to prove uniqueness. We shall give a more accurate quantitative rate of this convergence, which
in particular implies the short time estimate (1.5). This will be done in the first subsection.

After some modifications to the energy estimates in the proof of the short time estimate, we can prove
the uniqueness claim in Theorem 1.1. This will be done in the second subsection.
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3.1. Short Time Asymptotics

Using (2.24) and (2.33), we can derive the evolution equation satisfied by the rescaled vorticity f; reads

{910, ) + div. (Ui, X) (6, X) + Walt, X) a6, X)) = (L)1, %) + 0 (TL2N), )

for X € Q. and t €]0,T[, where the operator L is defined for a generic function f by

LA S A F(X) + 5V fX) + F(X),

the operator div, is defined for a generic vector field V(X) = V"(X)e, + V*(X)e, by

C DRV (X) + 0,V (X),

and W; stands for the other parts of the rescaled velocity:

div, (V(X))

def T; — Ti
Wi(t, X) = g o;U;(t, X;), where X, = = Il
v P JYg J J \/i \/{f

Then we can deduce from (2.48), (2.49) and (3.1) that

10 fi + diV*(Umﬁ' +Uifo+ Ui fi) + divi (Wi f;) = Lfi + Or (1 jiR) +H, (3.2)

where
Efo (ta X)

1 n ER ) — Q4 dlv*(UO,ifO)-
And we shall define, following [10], the two types of energy for each vortex

def 1 =
B0 5 [ B X)) dx;,

H = —td;fo+ Lfo+ 3R(

&0 5 [ (IVHEX)E+ 0+ 15X (X)) ax,

“j

as well as the total energies

As we have pointed out in Remark 2.2 that, fj satisfies the homogeneous Dirichlet condition on
0Q,, thus although the integral in (3.3) is taken over the time-dependent domain €2, there is no
contribution from the boundary when we differentiate with respect to time. Hence we can get, by doing
L?(Q., w(X)dX) energy estimate to (3.2) and integrating by parts, that

tEL(t) = Ai(t) + I;(t), (3.4)
where

At = /Q (cﬁ»(t,X) +On ({f?) (LX)

— g div, (Uo,ifs + Oifo + Tifi) (6, X)) Fit, X) - w(X) dX,

Ii(t) :/Q Wi(th)fi(taX) (vXﬁ(t>X) + );ﬁ(taX)> ’LU(X) dX.

The main result of this subsection states as follows:



Vol. 20 (2018) Uniqueness of Axisymmetric Viscous Flows Originating from Positive 1849

Proposition 3.1. There exists some positive constant & depending on the initial measure u, such that for
t sufficiently small, there holds

tENt) < —20&(t) + CoVE|Int|Ei(1)% + CEi()2E(t) + Ra(t), (3.5)
where the quantity R; satisfies the inequality 0 < R;(t) < e~ Co/t,
Proof. Noting that the terms in A;(¢) are exactly the same as the ones appearing on the right-hand side

of the equality (4.42) in [10]. Thus using the Proposition 4.5 in [10], we know that there exists some
€0 €]0,1/2[, if ¢ > 0 is small enough so that €; < €y, then

Ai(t) < —26&(t) + CVE Int|E;(t)? + CE;(t)2E(t) + Ri(t). (3.6)

In the following we shall concentrate on the interaction part I;(t). Using the decomposition (2.47) and
(2.49), we can write

Wz(t,X)fl(t,X) = Z(ajUO,j(tan) -+ CYj(?j(f,Xj)) (fo(t,X) + ﬁ(t,X))
J#i
Thus there are two types of integral terms in I;(¢), which we handle separately.
Before proceeding, let us decompose €2, into two parts, namely

d
0: (X €0, i x| > o, “{xeq, st x|

4\f} 4N/t
Type 1: I (t) = 3, [, 0iUs (6 X;) fo(t, X) - (Vx + X/2) fi(t, X) - w(X) dX.
Due to the cutoff function x, we know that fo(¢, X) vanishes whenever [ X| > - \/ Thus I; 1 (t) actually

only integrates on Q_, and for X in Q_, we have

T — T 3d
X;| = |x + B0 > 2
Xl Vi T 4
Then the estimate (2.38) gives
Uj(t,Xj) < Co\/i (37)

Thanks to this bound, the definition of fy, and Cauchy inequality, we get

L () |<coxfz/ eI/ (fo(t X)+ SR X)) w(X)dX

J#
< Co\/iHe*'X‘Q/g‘
< CoVi&i(t)?.

Type 2: [;o(t) = 3, Jo, asUs (6, X5) fi(t, X) - (Vx + X/2) fi(t, X) - w(X) dX.
We decompose I; 5 into two different parts according to the integral domain. On Q7 , by using the
bound (3.7) and Cauchy inequality again, we obtain

(3.8)

H(Vx +X/2) fi(t, X) - w(X)1/2’

L2(Q0) L2(Qc)

‘/ 6, X))t X) - (Vi + X/2) Flt, X) - w(X) dX]| < CovAB(1)2Ex(t) . (3.9)
To handle the integral on 0}, a mere application of (2.38) gives
1Ujllzge (1., < Co- (3.10)

And it follows from the Gaussian bound for f; (2.36) and the fact that fy vanishes on Q} that, the same
Gaussian bound also holds for f;, precisely

0< fi(t, X) < Cpae X yX et (3.11)
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Using the above bounds (3.10) and (3.11) with n = I, we get

| / (6 X)Fi(t,X) - (Vi + X/2) filt X) - w(X) dX | < Coll Fittyw? | o (1)
< Coe i &i(t)3.
Combining this with the estimate (3.9), we finally get
[La(t)] < CoVEE(1)2E,(8)* + Coe™F&,(1)*. (3.12)
Substituting the estimates (3.6), (3.8), (3.12) and using the trivial bounds
E, <& <€ ELE
allows us to obtain
tEN(t) < —26&(t) + CVE| Int|Ei(t)? + CE;(£)2E(t) + Ri(t)
+ CoVig(D)?} + CoVIE(RE (1)} + Coe o i(1)2.
Recalling that E(t) goes to 0 as t goes to 0 yields the simplified bound
tEI(t) < —20&i(t) + CoVt| Int|&;(t)% + CE ()2 E(t) + Ri(t),
which is the desired differential inequality. This completes the proof of this proposition. O
Proof of the estimate (1.5). Applying Young’s inequality to (3.5) gives

LEL() < 736&;(15) + Cot|Int2 + CE(8)E () + Ra(D). (3.13)

Recalling that by definition ¢; = v/#/r; and E(t) goes to 0 as t goes to 0, thus there exists some small
constant ¢ty depending only on the initial measure p, such that both ¢; < €y and F;(t)*/? < §/2 hold
whenever ¢ < to. Combining this with the facts that E; < & and 0 < R;(t) < =0/t we can get from
(3.13), for t < tg, that

IN

tEL(t) < —8&(t) + Cot|Int]* + Ry(t)

— §E;(t) + Cot|Int|?.

A

Integrating this differential inequality yields the bound
t
Ei(t) < Cot_‘5/ s°|Ins|2ds < Cot|Int|?. (3.14)
0

Then in view of the definition (3.3), the above inequality leads to

1£:6) = o) lzr0) = I fillore.) < CE*() < Covtl Int].
And since fj is extremely close to G, we finally obtain

1fi() = Gllzr @ < 1fi()) = fo(®)llr ) + 1fo(t) = Gl

3.15
< CoVit|Int| 4+ =9/t < Cov/t] Int|. (3.15)

Returning to the original variables, and summing up over i, gives exactly the short time estimate (1.5)
for t < tg. O
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3.2. Uniqueness

The purpose of this final subsection is to prove the uniqueness result in Theorem 1.1. Assume that
wh M w2 e ¢(]0,T[, L*(2)NL®(R)) are two mild solutions to the vorticity Eq. (1.2) satisfying (1.4).
Introducing the self-similar variables and decompose these two solutions just as what we have done in
Subsection 2.2, precisely for ¢ = 1,2, we write

0.t 0 (% VL YT B g
SO 7, 2) = 27]‘ (t.R;, Z;) = ;(tfo(t,R],ZJHtfj (t,R],ZJ)),
and correspondingly, u*) = BS [w ’ ] can be decomposed into

n

G - 1(6) (0 a4 =(0)
ult,r, z) Z Y U( (t.R;. Z;) = Z(—Uo,j(t,Rj,Zj) + 00, Ry, 2y)).
s Wi vt
The differences of the rescaled solutions will be denoted by

Al () g _ G0 F) padel ) ) i) _ @),

3 7 7 K3 3 3

The evolution equation for ﬁ-A reads

10, 2 + a; divy (Up i f2 + UR fo) + o div, (O F — T2 £12)y
(3.16)

B N . - ~ A
4 le*<WO,1f1A + WiAfO) + dlv*(Wl(l)f;(l) o Wl@)}-‘}m) = EflA + aR(le_;_fleR),

where
Woat, X)€" o (1 X5), WO, X) Y 0,010 (1 X;).
J#i i
In analogy with (3.3), the energies for each solution are straightforwardly denoted by

12 def 1 ¢ det ,
EJ( )(t) = 5/@ f} )(t,Xj)2w(Xj)de7 E([)( ) € ZE( )( )

) def 1 = ¢ def ¢
9= 5 / (1977 X0 P + (L + G700 X)) w(x) dXy, 9@ €Y7 el @),
as well as the energies for the difference
A def 1 A 2 A def = A
Ej(t) = 5 A FR X)) w(Xy)dX;,  EA() S Y ER()
< Jj=1

def 1

ORE /Q (V7R @ X1 + (04 1) FR (1 X)) uw(X;) dX, 6A<t>defisf<t>

J

J

In view of (3.14), combining with the elementary fact that EjA < Q(E](-l) + EJ(-z)), we know that EjA (t)
also decays to 0 with rate at least t|Int|? as t — 0. We believe that EJ-A(t) decays faster than EJ(»Z) since
the source H and div,(Wy, fo) has disappeared when taking the difference of the equations for fi(l) and
fi(Q). Precisely, we have:

Proposition 3.2. There exists a positive time ty such that for all 0 <t < t1, there holds
EA(t) < e G0/t (3.17)
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Proof. Similarly as in the proof of Proposition 3.1, by doing an L?(Q, w(X)dX) energy estimate to (3.16)
and integrating by parts, we obtain

t%EA( t) = A2 (t) + IA (1), (3.18)

where

AR () =

K2

A efA(t, X) o A | TA
/QE (‘Cfl (th)+aR< 1+ eR aldlv*(UO,zfi +Uz fO)
—aidivo (O FV = TP F2)) FA (4 X) - w(X) X,

120 = [ (Wosl2 + W2 fo+ WOFD = T ) (X0 (Vx + X/2) FA0,X) - w(X) dX,
Qe

First, the estimate (4.71) of [10] claims that there exists some positive constant § and some eg €]0, 1]
such that as long as € < €p, there holds

AR(1) < —2062(@) + C(EL ()2 + B (1)) ERA (1) + RA(®), (3.19)

where the quantity R2 satisfies the inequality 0 < R2(t) < e~ “0/t. We mention that the terms with
type Cov/E|Int|€;(t)2 in (3.6) does not appear here, due to the cancellation of the source term H when
taking the difference.

For the interaction part I2(t), thanks to the cancellation of div, (W ;fy), there are only three types
of integral terms, which we handle separately in the foLlowing.
Type 1: I (1) = [o, Wo(t XA X) - (Vx + X/2) FA X) - w(X) dX.

We decompose Il, into two different parts according to the integral domain. On Q_
pointwise estimate:

we have the

€

Lemma 3.1. For any j # i, and any X; in €, (i.e. X in Q7 ), we have
|Uo,j(t, X;)| < CoV/t.
Proof. Using the explicit formula (2.34), and the fact that fy is supported inside Q_, we get

Z; -7
UOJ t X /7 \/ 1+€] 1+6]R ) Fl(€2)mfo(t,X/)dX/,
R; — R
U()j(t X 271_/7 \/1+6j 1+€JR ) Fl(g )mf (t7X/)Xm

[ Jurams R (RE) + D) folt, X)X
where
& =6IX; - X'P(1+¢R;) " (1+¢R)7!
For X and X’ in Q_, we have

=[xy B[4 dsdne]

Vi 2Vt 2V/t
i t i i
L4eR € |22], and 1+ejRj:r—+\[Re 3ri B
4’ 4 Tj ’I“j 47‘]' 4Tj

Using the above bounds and the fact that Fy(s), s2 Fy(s) are bounded on ]0, oo, we achieve
Uo,5(X5)| < CO/ Vie Wt ax' < Govt,
Qe

which completes the proof of this lemma. O
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A direct consequence of this lemma is that, Wy ;(, X) < Co/t for any X € Q7. Using this pointwise
bound and Cauchy inequality, we obtain

‘ Wo,i(t, X)FA (. X) - (Vx + X/2) A (8, X) - w(X) dX | < CoVEER (1) 2EA(1)3. (3.20)
Qe

To handle the integral on Q7 , we need some more careful estimates on the rescaled velocity. After the
blow-up procedure (2.33), Proposition 2.3 of [9] translates into:

Lemma 3.2. (i) If 1 <p <2< ¢q < oo, %:%—%, then
IBS[fllzsca.) < Clifllr@o)- (3:21)
(i) If 1 <p<2<q< o0, then
e pg—2

It follows from a mere application of (3.22) to a gaussian function that
1 1
IWo,illLge (@) < CllfollZ: I foll - < C. (3.23)

And it follows from the Gaussian bound for fi(e) (2.36) and the fact that fy vanishes on QF that, the
same Gaussian bound also holds for fim, precisely

0<% X) < Cpae X yX eqf. (3.24)
Using the above bounds (3.23) and (3.24) with n = 1, we get
[ Wt 00T 0.X) - (Vo + X/2) (0.0 w(X) dX] < CIF (0w s 20
Q¢
< Coe™FmEA ()2,
Combining this with the estimate (3.20), we finally get
IAW®] < CoVEER (3R ()F + Coe™Fm el (1), (3.25)

Type 2: I3 (t) = [, WAL X)fo(t, X) - (Vx + X/2) fA(, X) - w(X) dX.
Noting that fy supports only on 2_, and fo(X)w(X) <1 on Q, we get

01 [ Slos @ = T7)0X,) - (Vx + X/2)F20.50)] x. (3.26)
Qe i

Let us decompose (NJJ@ as the sum of U'@”L and ff]@)’_, with
¢ def 1 qe; 1700
U3 =(x;) = BSY 17 (X)) 102 (X)),

where 1+ stands for the characteristic function of QF.
Exactly along the proof of Lemma 3.1, we can get, for any X € Q_, that

(FO - TP (x + B < g \// |7V = £2(x7)|dx’

< Covt|w™ 1/2||L2Ef< t)
< Co\[EA( )%
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Using this bound and the fact that L?(Q;,w(X)dX) — L'(Q7,dX) , we achieve

/7 S e (O U7, X5) - (Vx + X/2) A X) ] dX
e
< CoVIE (1)2E2(1)*.
For (7;4)’+, we use (3.21) with p = 4/3, ¢ = 4, and Holder’s inequality to obtain

1077 = 0 s, < Coll 5 = 75714

_ JFJQ)) 1/2

~1/2
< Collw™" HL4(Q;)H( j [P @)
< Coe™ Ot ER(t)3.
Using this estimate and Holder’s inequality again, we achieve
/72}04 UMF — U2, X)) - (Vx + X/2) fA (L X)| dX
J#i
L+ _ )+ —1/2
Y 1% Rl [P [
J#i
< Coe™ P/ ER (1) 2ER (1),
Combining the estimates (3.27) and (3.28), we finally achieve that
I (1)) < CoVEES (1) 2E2 (1)
Type 3: I34(t) = [, (WD FY = WP F2) (. X) - (Vx + X/2) FA (LX) - w(X) dX.
The strategy of estimating Iﬁg(t) is to write

WO T @ R _pafn | e A

(VX +X/2).EA . w1/2||L2(Q:)

where WA W(l) Wi(z). Then we get, by using Holder’s inequality, that

301 < (172 e [0 Pt a, )
X H(VX +X/2)fi w§||L2(Q)
< (2 B0} + T2 R )2 £201.

;i w

W )

JMFM

(3.27)

(3.28)

(3.29)

(3.30)

By using (3.22) with p =4/3, ¢ =4, and Gaghardo—Nlrenberg—LadyZhenskaya inequality, we obtain

W2 ey < o oy e,
Jj#i
~ 1/2 _ 1/2 1/4 rNIA
< Co S| PRt w23 ViR,
JFi
<Co Y EBRBREL(D)F.
JFi

Similarly, and noting that f]@) satisfies the pointwise estimate (3.24), we obtain

—~ ~ /2 1/2
||Wi(2)HL°°(QE) =< Co ZH J ) A(‘Q)HUL(QE)
J#i

<0 Y EP (1)1,
JAi
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Substituting the above two estimates into (3.30), we achieve
18(0)] < Co(EN (0 B2 ) + BEDWEA (1)) A1), (3.31)

Overall, by putting (3.25), (3.29) and (3.31) together, using Young’s inequality and the fact that
EA < €A < E2) we achieve

IA(t) < 6ER(1) + Co(VE+ EMN ()2 + E@ (1) 1) E2(t) 4+ Cpe /. (3.32)
Then substituting (3.19) and (3.32) into (3.18), and summing up over ¢, leads to
t%EA( t) < =82 () + Co(VE+ ED(1)2 + E@ ()5 + E®@ (1)) E2(¢) + Cpe /. (3.33)

The bound (3.14) guarantees the existence of a positive time ¢, such that for all 0 < ¢ < t1, there holds
Co(Vt+ EN )z + EA(t)z + E(2)(t)%) < $. Then (3.33) turns into
d o 0
tﬁEA(t) < —Qeﬁ(t) + Cpe~ @/t < —§EA(t) + Coe~ G/t (3.34)
Then integrating this differential inequality from 0 to ¢ < t; gives

t
A < Cot—g/z/ §3/2-1=Co/s g < o=Colt,
0

which is exactly the desired estimate (3.17). O

Proposition 3.2 already shows that E*(t) converges extremely rapidly to 0 as ¢ — 0, but our actual
goal is to prove that E*(t) vanishes identically, which will be done in the following.

Proof of the uniqueness result in Theorem 1.1. The key is to get a new differential inequality for E(t)
like (3.34), but in which the “inhomogeneous” term like Coe~“°/* does not appear.
First, the estimate (4.73) of [10] claims that as long as € < 1/2, there holds

AB(t) < =62 (1) + CoER (1) + Co (BN ()7 + EP (1)2) €A (1). (3.35)

For the estimate of I2(t), we only need to modify the estimate of Ifl( ). By simply using the bound
for U; given by (2.38), we can achieve

ITA(1)] < CoEA (1) ER(1)2.

The other terms in 2 () can be estimated exactly along the proof of Proposition 3.2. Then for small ¢,
we deduce

[IA ()] < CoEA ()22 ()% 4 Co (BN (1)F + E@(£)1) €2 (1)

5 oo 1 (3.36)
< €8 + CoEA (1) + Co(BV (1) + ED(1)7)€5(1).
Substituting (3.35) and (3.36) into (3.18), and summing up over i, leads to
d ) !
- ES(1) < =580 + CoBA (1) + Co(EW () + E@ ()2 + E@(1)1)E2(1). (3.37)

The bound (3.14) guarantees the existence of a positive time ¢, such that for all 0 < ¢ < ¢, there holds
Co(VE+ED ()2 + EA ()7 + EA()7) < I. Then (3.37) turns into

d A A
= <
tEA(E) < CoBA (1),

hence

Co
EA@t) < (t> EA(), Yo<t <t. (3.38)

t/

In view of (3.17), the right-hand side of (3.38) converges to 0 as ¢’ — 0. Thus E*(t) = 0, which means
that f(V(t) = f@)(t) for all 0 < t < min(ty,t5). Returning to the original variables, we conclude that
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WO () = wh@(t) for all 0 < ¢t < min(t1,t;). Then the desired uniqueness follows from the global
well-posedness result established in Theorem 1.1 of [9], and the whole theorem has been proved. O
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